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A new method for the construction of conformally invariant equations in an arbitrary four 
dimensional (pseudo-) Riemannian space is presented. This method uses the Weyl geometry 
as a tool and exploits the natural conformal invariance we can build in the framework 
of this geometry. Indeed, working in a Weyl space, using the Weyl covariant derivative 
and the intrinsic Weylian geometrical tensors, all conformally homogeneous operators will 
be conformally invariant, as will the equations they determine. A Weyl space is defined 
by two independent objects: the metric tensor and the Weyl vector W^. A simple 
' procedure allows us to go from a Weyl space into a Riemann space by imposing the Weyl 

04 , vector to be a gradient. Under some conditions, the Weylian conformally invariant equations 

^ i' reduce to Riemannian conformally invariant equations. This method is applied to construct 

some conformally invariant scalar field equations, check the conformal invariance of Maxwell 
, equations and recover the Eastwood-Singer conformal gauge fixing condition. 

(N 



INTRODUCTION 



I development \^]^. It is worth noting since the very beginning that there are different meanings 



Conformal invariance is of great importance for several areas of theoretical physics and mathe- 
matics Our four dimensional universe is full of light and the light is conformal invariant. This 
fact was discovered a century ago by Cunningham 0] and Bateman [3] and is still nowadays under 



for conformal invariance 



id ]. The general definition states that any transformation which does 



' preserve angles is a conformal transformation. We use in this paper two different but related 

• ■ conformal transformations: the gauge- Weyl and the rigid- Weyl (or simply Weyl) tranformations. 

■ The restricted conformal group 5*0(2, 4) action also preserves angles. It is a fifteen parameter 

group in a four-dimensional space. This group includes Poincare and de Sitter groups and is a 



basic ingredient for the ADS/CFT correspondence An important point is given by Zumino's 
theorem which says that a Weyl invariant equation, when restricted to Minkowski space, becomes 
^ I invariant under the action of the restricted conformal group 
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' The problem of constructing conformally invariant tensors, operators and the equations they 

determine plays a central role in quantum field theory. This problem attracts attention because it 
seems a non-trivial task and a lot of methods are proposed in the litterature. Am ong the different 



approaches, one can cite the Fefferman- Graham D-\-2 dimensional ambient space [15[, Boulanger's 



method 16[ and Tractor calculus technique 20|. Other method s appro priate to generate confor- 
mally invariant operators acting on a scalar field can be found in |l7Hl9l| . Another interesting way 



to generate conformally invariant equations is the so-called Ricci-gauging method and was intro- 



duced by lorio et al. [Ij]. The authors start from Minkowski space with a global scale-invariant 
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theory and extend it to reach a conformahy invariant theory in an arbitrary Riemannian space. 

We present in this article a new method which takes the opposite direction to that of lorio et 
al.. We start from a more general geometry than the Riemannian one, namely the Weyl geometry 
where the conformal invariance is natural. We first write Weylian equations in a Weyl space which 
are naturally conformally invariant and then go down to a Riemann space and recover, under some 
conditions, conformally invariant Riemannian equations. The different notions used will become 
clear in what follows. The aim of our method is to provide a simple and systematic algorithm to 
construct conformally invariant operators and the equations they determine in a Riemann space. 

In 1918, Herman Weyl introduced a new geometry in order to unify the gravitation and elec- 
tromagnetic forces. Even if this goal was not reached, Weyl provided a simple generalization of 
the Riemannian geometry and gave a powerful and beautiful tool widely used in both mathematics 
and theoretical physics. A Weyl space is a conformal real manifold with a conformal equivalence 



class of local Lorentz metrics [22l. |23||. There are two equally fundamental objects in Weyl geom- 



etry: the metric tensor g^y and the Weyl vector field VF^. One particularity of such geometry is 
that the lengths are not preserved by parallel transport, contrary to what happens in Riemann 
geometry. A Weyl space will be denoted by [g, W] and a Riemann space by g. The notation [g^ W] 
means that a Weyl space is a conformal equivalent class of couples g, W . Contrary to Riemann 
geometry where two different g refers to two different Riemannian spaces. Now, the procedure 
to go from a Weyl space to a Riemann space reads as follows. When the Weyl vector is taken 
to be a gradient VF^ = 9^1ni^^, where X is a real and smooth function, the corresponding Weyl 
space equipped with the metric [g^u,df^ InK'^] is equivalent to a Riemann space gf^^, = K~^g^^. We 
use this property to translate conformal operators and equations written in a Weyl space into a 
Riemann space. 

The general strategy of our method is the following. We use the Weyl intrinsic derivative and 
tensors mixed in a homogeneous (the different terms have the same conformal weight) combination 
to construct conformally invariant operators in a Weyl space. In general, these operators and 
the equations they determine will depend on the Weyl vector W^. The game consists in looking 
for combinations, if any, for which the Weyl vector decouples. Doing so, the remaining equation 
can be translated in a Riemann space and give a well defined Riemannian conformally invariant 
equation. If such a combination does not exist, the residual gradient breaks the conformal 
invariance. In this last situation and reducing to a Riemann space, one can reinterpret the presence 
of the residual Weyl vector as a mass term breaking the conformal invariance, in the same spirit 
as [2l|]. In order to check and confirm the method, some examples are discussed later in the text. 



Note that we are working in D = 4 spaces but the method should work for any dimension D. 



This article is organized as follows. Sec. lUprovides the necessary background to understand the 
problem. It presents a brief introduction to Weyl geometry, recalls the definition of the different 
Weyl transformations and set out the procedure allowing to bridge Weyl and Riemann spaces. We 
explain in the same section how to write conformally invariant equations in a Weyl space and how 
the "Weyl-to-Riemann" method allows us to reduce these Weylian equations to get conformally 
invariant equations in a Riemann space. In Sec. IIIII we explore some applications of the present 
method. First we study some operators acting on a scalar field and construct one, two and four 
order conformally invariant scalar equations. Second we turn to the vector field and inspect the 
conformal invariance of the Maxwell equation. Finally we recover in a simple way the third order 
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Eastwood-Singer conformally invariant gauge. The appendix gives some technical details. In 
particular, the reader can find the construction of the intrinsic geometrical tensors used in the 
present work. 

II. WEYL GEOMETRY AND CONFORMAL INVARIANCE 

We give in the first part of this section a brief description and some properties of the Weyl 
geometry. We set out the Weyl transformations and clarify the notion of a Weyl space defined as 
an equivalent class [^f,!^]. Then we recall the definitions of the conformal tensors and the Weyl 
covariant derivative. We explain how to write gauge- Weyl invariant operators and equations in 
a Weyl space. At the end, the Weyl-to-Riemann method is detailed and shows how to obtain 
conformal invariance in a Riemann space using gauge- Weyl invariance in a Weyl space. More 
technical details are given in appendix. We use a tilde (~) to indicate the Weylian objects and 
distinguish them from their Riemannian counterparts. 

A. Weyl geometry and gauge transformation 

The Weyl geometry has two equally and independant fundamental objects: the metric tensor 
Qfj^i, and the Weyl vector field when the Riemann geometry is completely characterized by g^i, 

Riemann geometry : g^y 
Weyl geometry: [g^v,W^]. 

We use the notation [g, W] to indicate a Weyl space, which is a conformal equivalent class. This 
point will be clarified in the next subsection. 

Let us turn to the Weyl transformations. In Riemann geometry, the standard rigid- Weyl trans- 
formation (or rescaling of the metric) is defined by 

gij.u g^iu = Qfiu (1) 

where Q is a real and smooth function. But in Weyl geometry, the metric tensor 5^,^ cannot be 
separated from the associated VF^. The rescaling of the metric ([T]) must be accompanied by a gauge 
transformation of the Weyl vector. The gauge- Weyl transformations read 

( Sf'A (^f""^ ^^"^ \ (2) 

where = dplnVL^. We call ^ gauge- Weyl transformation to avoid confusion with the rigid- Weyl 
transformation ([TJ. 

Note that, from a historical point of view, it was Hermann Weyl who introduced the terminology 
of "gauge trasformations" , which turned out to be a rich and fundamental concept for both physics 
and mathematics. In his foundamental theory, H. Weyl wanted to unify the gravitation and the 
electromagnetic forces and interpreted the vector as the Maxwell field. We will comeback to 
this point hereafter. 
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B. The Weyl connection 

A Weyl space is equiped with a unique symmetric, torsion free and linear connection called 



Weyl connection and defined by [2j] 



where F^^, is the usual Christoffel connection 



^^u = ^5^^(9t/x,i/ + gTu,ti - gixu,T) (4) 



and the second symmetric term reads 

w^A = ^('^M^- + '^'^M - a^.uW'')- (5) 

Some properties of VF^^ are given in appendix. A capital property of the Weyl connection is its 
invariance under gauge- Weyl transormations ([2]) 

f ^ f = f (6) 

And this is the crux of the formalism exposed here. In Weyl geometry, all spaces related by 
gauge- Weyl tranformations belong to the same equivalence class denoted by [5, M^]. Gauge- Weyl 
transformations thus become internal transformations and accordingly the conformal invariance 
gets trivially satisfied. The notation W] for a Weyl space means that in Weyl geometry, ev- 
ery two configurations {g, W) and {g, W) related by the transformation ([2]) are in fact jus t two 



representatives of the same conformal equivalence class [5,!^] defining a Weyl space jlQ. 122. |23|. 



C. Lengths in a Weyl space 

In Riemann geometry, we define the standard covariant derivative using the Christoffel connec- 
tion 



(7) 

which is metric compatible 



Va5,.. = 0. (8) 

In Weyl geometry like in Riemann geometry, a "connection" covariant derivative can be defined 
using the Weyl connection Q 



^ (j.-'-u... — ^fj.-'^i/... > '- iiT -'-u... • • • 



"pr 'pA.. 



(9) 



A direct calculation shows that this covariant derivative is not anymore compatible with the metric 
tensor 

^t.gap = Wf,go,p^O. (10) 
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This fact has an important consequence: the lengths are notpreserved by parallel transport in a 



Weyl space and that what Herman Weyl was searching for, [l|, l25|. In Weyl geometry, a length is 
not a fundamental or intrinsic concept, only angles and then ratios of lengths are meaningful. 

To better understand this point, let V be the length of the vector V^, ie. V = {giivV^V^Y^'^ . 
When is parallel transported from to + 5x^, the length's variation in a Weyl space is 
given by [l|, [2J] 

SV = VWf.Sxf' (11) 

when it is vanishing in a Riemann space. As a consequence the length of a vector varies in a 
Weyl space and depends on its trajectory and its history. A more surprising feature is the length 
changing when is transported around a closed loop S [l|, [2^ 



AV = / VWf.^dS'"' (12) 

J5(S) 

where dS^'^ is an area element of the area S{T,) inclosed by the loop S. The anti-symmetric tensor 
W^u = dfj^Wu — duWf^ (|B4p vanishes in a Riemann space but not in a Weyl space. 

This was Einstein's main objection to Weyl's theory (in the unification of gravity and electro- 
magnetism perspective). Indeed, ()12p implies that in the presence of electromagnetic fields {W^u 
was interpreted as the Faraday tensor in Weyl's foundamental theory), two identical clocks could 
run differently after one of them was moved around on a closed path [l|. Our aim in the present 
work is not to discuss the physical nature of such a geometry. We are only interested in using Weyl 
geometry as a tool providing a simple and systematic way to write conformally invariant operators 
and equations in a Riemann space. We do not use at all the Weyl's original association between 
the Weyl vector and the electromagnetic field A^. 

D. From Weyl to Riemann 

Now, let us see how to go from a Weyl space to a Riemann space. Starting with a Weyl space 
[g, W], it is evident that the geometry is in fact Riemannian when = 0. But to get a Rieman 



space it is sufficient to impose to be a gradient [IC | 

W^ = d^lnK\ (13) 
where K is a real and smooth function. In this case, the Weyl connection ([3]) reduces to 

where f^^ is the Christoffel connection (HD related to the metric tensor g^,y = K~'^g^y. Thus the 
Weyl space [g, W = d\u. K"^] (called WIS for Weyl Integrable Space in this case) becomes equivalent 
to a Riemannian space equipped with the metric g^y. In fact, using the covariant derivative V 
associated to the Christoffel connection F, we have 

V;, = (jap = 0. (15) 

This property is fundamental for our method. In practice, as we will see in Sec. Ill HI we do not 
explicitly use (jlSp or equivalently (jlSp . Nevertheless, it is primordial to recognize that a WIS is 
in fact a Rieman n sp ace and no longer a Weyl space. Note that some authors use the WIS in a 



different way j27|, l28|, l3C | . 
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E. Conformal tensors in Riemann and Weyl spaces 

In both Weyl and Riemann geometries, under diffeomorphisms (or general coordinates trans- 
formations) 

xi" x'^' I dx'^' = A^'dx'^, (16) 
a tensor field T of a rank (r, s) transforms like 

Tal""u i^) . . . A^:^ A'^} . . . A''; r'^/'-l {x') (17) 

fj.l,...fj.r ^ I A*! Mr v\ V'^ /^j,.../^J,^ ' ^ ' 

Still in both geometries, we can enrich the tensor structure by giving it a conformal dimension. 
The tensor field T then transforms, under ([1]) in Riemann geometry and under ([2]) in Weyl geometry, 
as follows 

T'p^;:^^ {x) ^ 1^;:::;:: (x) = t;^^ (^) (is) 

where w{T) is called the conformal weight (sometimes called the dimension) of the tensor field 
T. Note that we have used the convention 'w{g) = 2 for the metric tensor weight. An important 
property of the conformal weights is the following relation: for two tensors T,T', the conformal 
weight of the product is given by 

w{T.T') = w{T) + w{T'). (19) 

This implies the useful identity w{T~^) = —w{T) which applied to the metric tensor gives the 
standard result 

w{gn = -w{g^,) = -2. (20) 

Now, in addition to invariance under diffeomorphisms (|16p . an equation can be invariant un- 
der Weyl transformations. The conformal invariance in our context means invariance under the 
rigid- Weyl transformation ([1]) in Riemann geometry but means invariance under the gauge- Weyl 
transformation ([2]) in Weyl geometry. Indeed, an equation £T = is said to be conformally 
invariant if, under ([1]) in a Riemann space or under ([2]) in a Weyl space, there exist s such that 

£T £f = n'ST, (21) 

where s = w{£T) = w{£) + 'w{T) is the conformal weight of £T. Note that the notation w{£) 
makes sense only if f is a conformally invariant differential operator. 

Remark: in a Riemann space, some operators and the equations they determine can be con- 
formally invariant but certainly not of them. The present work deals precisely with the difficulty 
of constructing such Riemannian conformally invariant operators. Our method uses the Weyl ge- 
ometry as a tool and here is the reason. In a Weyl space, using the intrinsic Weyl tensors (Sec. 
|B|) and the Weyl covariant derivative (see the next subsection), "everything" we write in a Weyl 
space will be conformally invariant. So, let us recall the Weyl covariant derivative before giving 
some examples of conformally invariant equations in a Weyl space. 
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F. The Weyl covariant derivative 

In order to write Weyl invariant equations in a simple and compact form, the Weyl covariant 



derivative is defined through [30|] 



D,T^::: = T^--; - ^ W^T^--; (22) 



where the 2 in the denominator comes from the conventional metric tensor weight w{g^u) = 2. The 
Weyl covariant derivative can be developed using the covariant derivative ^ and takes the form 



lira rp\... w{T) rpa. 

^'^tiX ^13... ■■■ 2 ^'^M-'/3., 



(23) 



An important and direct consequence (actually, it was more a goal than a consequence) of the 
Weyl covariant derivative is its compatibility with the metric tensor 

^M9a/3 = (24) 

Another important feature of the Weyl covariant derivative is its conformal invariance. The relation 
([6]) implies that is invariant under the gauge- Weyl tranformations ([2]) 

D^T ^ = Qy^'^^D^T (25) 

In other words, the Weyl covariant derivative has a vanishing conformal weight. So for any con- 
formal tensor field T 

w{D^T) = w{D^) + w{T) = w{T) (26) 

Note that the Weyl derivative is doubly covariant: according to general coordinate and to 
gauge- Weyl transformations. Moreover, it is linear and verifies Leibniz rule. 



G. Conformally invariant equations in a Weyl space 

Let see with some examples how "everything" we write in a Weyl space, using the Weyl covariant 
derivative and the Weyl intrinsic tensors, will be conformally invariant. One can write the simplest 
equation for an arbitrary conformal tensor T of weight w = w{T) 

D,,T = 0. (27) 

This equation is naturally conformally invariant since under gauge- Weyl transformation ([2D, using 
(|26|) ■ it transforms like 

D,,T ^ D^f = n'"D^T. (28) 
Another example is given by the second-order equation 



D^D.T = 0, 



(29) 
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which is again naturally conformally invariant since under it transforms like 



(30) 



The contraction of the previous equation, namely 



(31) 



is also conformally invariant since 



(32) 



where we have used the identity w{D^T) = w{D^) + w(T) = w^g^") + w{D^) + w{D^) + w = 
—2 + + + w = w — 2. And so on, all expressions with a single differential term are conformally 
invariant. If there are more than one terms in the equation, they must have the same conformal 
weight to get conformal invariance for the whole equation. But we can write expressions with both 
differential operators and the intrinsic geometrical tensors. A priori, we have to start with the most 
general expression combining all possible intrinsic and independent geometrical tensors. Modifying 
the above example (|29p . the most general second order equation one can write must include the 
Weyl intrinsic geometrical tensors (Appx. |B]), it reads 



where a, [3 and 7 are constant coefficients and the Weyl tensors Rf_iu, W^^, P^iu are defined in (|B4p . 
(jBSp and (jBlOp . This equation is abviously conformally (gauge- Weyl) invariant, since each part is 
invariant on its own and all parts have the same vanishing conformal weight. 



The "Weyl-to-Riemann" method reduces conformally invariant operators and equations from a 
Weyl space to get conformally invariant operators and equations in a Riemann space. The game 
consist of writing naturally conformally (gauge- Weyl) invariant equations in a Weyl space [g,W] 
and then reduce them into a Riemann space by specifying W as a gradient. The expressions 
obtained in the Riemann space present two cases: 

1. The Weyl vector decouples and then the Riemannian conformal invariance is recovered. 
Indeed, when the Weyl vector decouples, imposing = d^lnK^ becomes invisible and 
trivial. This is the situation we are looking for. 

2. The expressions still depend on the reminiscent Weyl vector and then, in general, are not 
conformally (rigid- Weyl) invariant. In this situation, we can interpret the residual Weyl 
vector as a mass term breaking the conformal invariance. Nevertheless, in some situations 
the Weyl vector does not decouples in a Weyl space but cancels when it has a gradient form, 
ie. when reducing to a Riemann space. In other situations, like for the Maxwell field case 
(Sec. IIIIB 2p . extra constraints (like the Maxwel equation) might cancel the VF^ dependence 
and then recover the conformal invariance. 




(33) 



H. The Weyl-to-Riemann method 
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In practice, we have to look for combinations of the coefficients of the differents tensors present 
in a Weyl equation in order to cancel the Weyl vector W^. Gauge- Weyl transformations then 
become equivalent to rigid- Weyl transformation. In this case, the conformal invariance in a Weyl 
space implies the conformal invariance in the corresponding Riemann space. 

The Weyl-to-Riemann method provides a systematic and simple algorithm to find conformally 
invariant equations in an arbitrary Riemann space. We will see in the next section how to apply 
this method in the case of scalar and vector fields. 



III. SOME APPLICATIONS 

We display in this section how to use the Weyl-to-Riemann method for some simple examples: 
the scalar and the vector fields. 



A. Applications for the conformal scalar field 

Let us consider a scalar field (/> in a Weyl space and write the first order equation 

D^^ = (34) 

which, using (|23p . simphfies to 

7/; 

D^(t> = (V^ - -W,) 4> = 0, (35) 

where w = w{(j)) is the conformal weight of the field <f). The Weyl vector decouples when w = 
and the resulting Riemannian equation 

V^(t> = (36) 
is then conformally invariant for a conformal scalar field with a vanishing conformal weight. 

Now, let us write the general second order equation, obtained from the contraction of (j33|) with 
an arbitrary g^'^ tensor, acting on a scalar field. The resulting gauge- Weyl invariant equation reads 

= {D^ + 6R) (f) 

= (u + 5R-zC^ + 5)f{W) (37) 



[l + w){W.V - -W^ 



0, 



where □ = g^'^V^Wu, J = a + 7/6 and f{W) = {V.W - \W'^). Note that we have used the 
identity (|B7p to rewrite the equation above with the Riemannian geometrical tensors. We have 
also used the relations ()26p and (jASj) to develop the above equation. Now, we can eliminate the 
W^-dependance from the above equation iff 

5 + ^ = 

6 (38) 
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This system has a unique solution {w = —1, 5 = g). The Weyl vector then cancels and the 
equation P7|) reduces to 

(□ + ^R)ct) = 0. (39) 

This is the standard (massless) conformally invariant scalar field equation in a Riemannian space, 
even though we are still in a Weyl space. That means that for 5 = 1/6 and a conformal weight 
w = —1 the gauge- Weyl invariant scalar equation in Weyl space takes the form of the rigid- Weyl 
invariant scalar field in a Riemann space. 

Now, fixing w = —1, otherwise the unwanted first derivative term W.V remains in the equation, 
and relaxing the constraint on S, the Weyl vector does not decouple and remains in the equation 
(which still gauge- Weyl invariant). Setting 6 = 1/6 + 6/6 with 0^0, the equation ()37p reduces to 

□ + f + ^[i?-3/(H^)]) <P = 0, (40) 

which is invariant under gauge- Weyl transformations but not under the rigid- Weyl transformation 
alone (since the Weyl vector does not decouple). So we do not obtain a conformally invariant 
equation when going into a Riemann space (by imposing = d^lnK"^). Instead, we set = 
— 3/(VF)] and we rewrite the previous equation under the form 

□ + I + m^^ = 0, (41) 

where m can be interpreted as a mass term breaking the conformal invariance. The field cj) reduces 
thus to a massive scalar field in a Riemannian space. 

Let us now consider a fourth order conformally invariant scalar equation in a Weyl space given 

by 

8A<t) = [D^'D' + S^""^ D,<j, = 0, (42) 

where we have used the Eastwood-Singer tensor S^'^ given in appendix (jBlip . A straightforward 
calculation shows that, for a vanishing conformal weight w = and a Weyl vector verifying the free 
Maxwell equation (ie. S/fj,W^'^ = 0), the above equation reduces to the Eastwood-Singer fourth 
order conformally invariant scalar equation. 

Sicp = (V^'V + 5^^^) (/> = 0, (43) 

with S^'^ = —2R^'^ + ^Rg^'^ being the Riemannian Eastwood-Singer tensor. Now, we go into a 
Riemann space by specifying that is a gradient (fT3|) . The Weyl vector is then a "pure gauge" 
verifying identically the Maxwell equation. As a consequence, we get the above conformally 
invariant fourth order equation but in a Riemann space. This equation, though in a different way, 



was found by Eastwood and Singer 13l |. 



Higher order derivatives can be explored using the present method. In that case, we have to use 
all the intrinsic Weylian tensors including ()B3p . Nevertheless the steps to get conformal invariance 
in a Riemann space are the same as for the situations exposed above. 
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B. Applications for the Maxwell field 

Let's now turn to the Maxwel field. We are going to see tliat in fact tlie well known conformal 
invariance of Maxwell equation is already present at a Weyl space level. We are also looking 
for a conformally invariant gauge fixing condition which is indeed important for the conformally 
covariant quantization of the Maxwell field A conformally invariant gauge condition can also 
simplify the treatement of some classical electromagnetic problems [sf. 

1. Maxwell equations 

The antisymmetric Weylian Faraday trensor F^j^, related to the one- form A^^ of weight w, is 
defined through 

F^u = D^Ay — Dj^A^ 

w (44) 
= F^,--{W^A,-W,A^) 

where F^jy = ^^A^ — Vu^fj. is the standard Riemannian Faraday tensor. The Weyl Maxwell 
equation in term of the Riemannian covariant derivative and tensors reads 

2 ^ (45) 



For 111 = 0, the Weyl vector cancels from the Weylian Maxwell equations. Thus one can obtain a 
perfectly conformally invariant Maxwell equation with the usual vanishing conformal weight in a 
Riemann space. Indeed, specifying VF^ as a gradient, to reduce into a Riemann space, becomes 
invisible and trivial. 



2. Conformal gauge fixing conditions 

We use the "Weyl-to-Riemann" method to construct some conformally invariant gauge fixing 
conditions for the Maxwell field A^. The conformal weight thus has to be fixed to w = 0. In a 
Weyl space, we look for (0, 0) type (scalar) operators and the equations they determine by mixing 
the Weyl covariant derivative and the Weylian intrinsic geometrical tensors. 

The first equation is a first order equation which can be seen as the Weylian Lorenz gauge 

GiA = g^'D^A, 

= g'^-^iW,-il + ^)W,)A, (46) 
= 

The Weyl vector decouples for w = —2 but this value is not allowed since the right conformal 
weight for Maxwell field is w = 0. The resulting Riemannian gauge fixing equation is not 
conformally invariant. Thus we can conclude that there is no first order conformally invariant 
gauge fixing condition for the Maxwell field. 
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We are now looking for a third order differential equation. Let the tensor 

= aR^^ + pWf,^ + 7S^^ (47) 

be an arbitrary combination of the Weylian intrinsic geometrical tensors R, W and S, then vj{T^y) = 
0. We used the Weyl Eastwood-Singer tensor S^j^u instead of P^y (the two tensors are linearly 
dependent) in order to simplify the coming discussion. We can write the general gauge-Weyl 
invariant third order equation 



+ \2D^f,^)Ap (48) 

= 

where Ai, A2 are some constant coefficients, we then have five parameters in total. We are looking 
for a combination of these coefficients leading to the cancellation of the Weyl vector from the above 
equation. 

Let's analyse the simplest configuration: Ai = A2 = 0. The above equation does not involve 
any intrinsic Weyl tensors and reduces then to 

GiA = D'^ DA 



(49) 




where the Eastwood-Singer gauge operator is given by jl3l ] 



GEsA = V^{V^'V'' + SnAu- (50) 

Note that this equation reduces to the fourth order conformally invariant equation for a scalalr 
field (j) (jl3|) when specifying the Maxwell field as a pure gauge A^ = V^cj). 

We have an interesting situation since the equation (|49|) contains and then cannot be rigid- 
Weyl invariant in general. However, when A^ verifies the Maxwell equation (Vf^F^'^ = 0) then the 
Weyl vector decouples and then the equation ([19|) reduces to the Eastwood-Singer gauge 



G3A = G^sA = (51) 

and provides then a conformally invariant gauge fixing condition. Indeed, the Eastwood-Singer 
gauge is conformally invariant only onshell (ie. when acting on the Maxwell equation solutions) 
13 1 . Note that the gauge (f5T]l was used in p, 0] for the conformally covariant quantization of the 



Maxwell field on conformally flat spaces including de Sitter space. 

The general case with different configurations where the Weyl geometrical tensors are present 
and higher order gauge conditions can be analysed using the present method. 



IV. CONCLUSION AND OUTLOOKS 

A new tool for the construction of conformally invariant equations was presented. This new 
method makes use of the Weyl geometry, a simple generalization of Riemann geometry and based 
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on two equally important objects: the metric tensor and the Weyl vector. The procedure to go 
from a Weyl space to a Riemann space relies on imposing the Weyl vector to be a gradient. 

Using the Weyl covariant derivative and the intrinsic Weyl geometrical tensors in a homogeneous 
way, writing conformally invariant equations in a Weyl space becomes a trivial procedure. But an 
infinite number of such equations exist and not all have a conformally invariant correspondant 
once reducing to a Riemann space. Indeed, the present method can be summarized as follows. If 
it is possible to cancel the Weyl vector dependence in a Weyl space, then the equation obtained is 
rigid- Weyl invariant and completely independent from the Weyl vector. Going down to a Riemann 
space becomes trivial and the resulting Riemannian equation is conformally invariant. If the Weyl 
vector does not cancel then three cases can appear. In the first case, the Weyl vector decouples 
when going to a Riemann space, ie. when the Weyl vector is a gradient. The Riemannian equation 
obtained is then conformally invariant. In the second case, an extra constraint can be imposed to 
cancel the Weyl vector and the conformal invariance is recovered in accordance with a constraint 
imposed. In the third case, there is no way to get rid of the Weyl vector and the conformal 
invariance is lost when going to a Riemann space. The residual Weyl vector produce a term which 
can be interpreted as a mass term breaking the conformal invariance. 

The Weyl-to-Riemann method provides a simple, systematic and convenient technique for the 
determination of conformally invariant equations. Some examples were exhibited dealing with 
scalar and vector fields. Even though the Weyl-to-Riemann showed its usability, more complicated 
configurations, like higher spin equations and higher order differential operators remain to be 
explored. 

Appendix A: Some properties of W^^ 

Here are some properties of the symmetric W^^ defined in ([5]). We recall its definition 

where Wf^ is the Weyl vector. A direct computation shows that 

gXaW^p = ^ {ga^^Wp + gapWf, - Qi^pWa) (Al) 

and then 

9XaW^^ + gX(3W^a = 9a^W^- (A2) 

We also have the two useful following identities 

= (A3) 
1^;, = 2W^ (A4) 

Appendix B: Intrinsic geometrical tensors in a Weyl space 

In the same way as in a Riemann space, we can define some intrinsic geometrical tensors in 
Weyl space. We put an index "~" to distinguish the Weylian objects. We are looking for intrinsic 
tensors in a Weyl space, that means tensors with null conformal weight, ie. which are invariant 
under gauge- Weyl transformations ([2]). 
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1. The Weylian Riemann tensor 

The curvature tensor determines completely the geometry and is defined like in Riemann space 
but using the Weyl connection instead of the Christoffel one: 

This tensor is invariant under gauge- Weyl transformations (ie. w{R^^^) = 0) since the Weyl 
connection is, see This tensor is then intrinsic in Weyl space. Now, using ([3|), the Weylian 
Riemann tensor above can be related to its Riemannian counterpart by 

T A r A ^ 

We can rewrite the above relation making use of the usual Riemannian covariant derivation V 
associated to the Christoffel connection T 



Note the change in signs. 



2. The Weylian Ricci tensors 

The curvature tensor in Weyl space possesses fewer algebraic symmetries than its Riemannian 
counterpart, as a consequence there are two possible contractions. The first contraction gives the 
anti-symmeytric intrinsic geometrical tensor 

Wu. = IrI. = ^.W^ - ^nW, ^^^^ 

where the factor ^ is conventional. This tensor can be seen as the Faraday tensor for the Weyl 
vector (see the remark at the end of section III Cp . Note that this tensor vanishes identically in a 
Riemann space. 

The second possible contraction is the Weylian Ricci tensor i?^^ = R^xk- This intrinsic geo- 
metrical tensor is not symmetric and can be redefined without any loss under the symmetric form 
R^^ := R^x^ - W^^ which reads 

RfiK = R^^xk - 

= R^,^ + \ {W^g^,^ - W^W^) (B5) 



where iJ^^ is the standard Riemannian Ricci tensor. 
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Now, let us analyse the tensors produced by a second contraction of the Weylian Riemann 
tensor ()B3p . Fust, contracting the antisymmetric tensor (|B4p gives a vanishing scalar tensor 

.'^ (B6) 
= ^"^^"^, = 0. 

What about the analog of the Ricci scalar tensor R = g^'^Rfj.u but in a Weyl space? This can be 
obtained by contracting the Weylian Ricci tensor R^i, but an ambiguity then appears. Indeed, if 
we perform this contraction using g^,^, the resulting scalar tensor reads 

R{g) = g'^'^R^, 

1 (B7) 
= R-3{VW--W^) 

But in Weyl space, this quantity has no intrinsic meaning since we can equally use g = ^'^g^u to 
contract Rij,^, but the result is different since 

R{g) = n-^R{g). (B8) 

Then R is not an intrinsic tensor in a Weyl space. 



3. The Weylian Schouten and Eastwood-Singer tensors 

In place of the Ricci scalar which is not intrinsic in a Weyl space, we can use the tensor 

1 (B9) 
= [R-?,{VW--W^)]g^, 

which is well defined and intrinsic in a Weyl space. We can relate this tensor to another intrinsic 
tensor, the Weylian equivalent of the so-called Schouten tensor 

P^iv — T^iRup ~ '^R'diMu) 

= P,u-\{w,W,-\w^g,, (BIO) 

+ V^W, + v,w, 

where P^p is the usual Riemannian Schouten tensor. 

We can define another Weyl intrinsic tensor but not independent from the W , R and P tensors. 
The Weylian version of the Eastwood-Singer tensor 

P 

= -4(P^^ - -g^,u) (Bii) 
= S^, + W^W, - g^^V.W 
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The Riemannian tensor S^^ = —2{R^u — \Rg^y) was introduced by M. Eastwwod and M. Singer 



and used to define a conformally invariant gauge for the Maxwell field [13 1. 



So we have three independent second order tensors that we can chose among the W , R, P, S 
tensors and then use them to construct conformally invariant operators in a Weyl space. 
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